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Abstract 



Here we explore the geometry of the osculating spaces to projective varieties of 
arbitrary dimension. In particular, we classify varieties having very degenerate 

r*n , higher order osculating spaces and we determine mild conditions for the existence 

^ I of inflectionary points. 
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Q^ • 1 Introduction 

^ ! The geometry of osculating spaces to projective varieties is a very classical 

Q I but still widely open subject. As it is well-known, while the dimension of 

^ I the tangent space at a smooth point is always equal to the dimension of the 

■~>^ ' variety, higher order osculating spaces can be strictly smaller than expected 
-(— > 

s 



also at a general point. 

The investigation of algebraic surfaces having defective second order oscu- 
lating space was inaugurated in 1907 by Corrado Segre in his seminal paper 
.^ ' P2j. The early developments in the field are witnessed by a long series of 

^ ' nice contributions, among which we cannot resist to mention at least ^H] 

by Alessandro Terr acini, |51 by Enrico Bompiani, pOj and [21] by Eugenio 
Togliatti. We point out that the work of Togliatti has been recently recon- 
sidered by several authors: the main result of j^ is reproved in [^ and j2j, 
while the crucial example in [2iQ| is analized in ^^ and ^]. However, the 
modern approach to the subject is mainly concerned with the osculatory be- 
haviour at every (not just at the general) point: see for instance [IH], |H], 

uni, 0,1111. 

Here we address the case of projective varieties of arbitrary dimension 
from various points of view. Namely, in Section |21 we apply the classical 
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approach of Bompiani and we obtain a rough classification of projective vari- 
eties having very degenerate higher order osculating spaces (see Theorem |21) . 
In Sections El and IH instead, we apply the modern theory of vector bundles 
and we find explicit conditions assuring the existence of inflectionary points 
on projective varieties (see Theorems ID and Ej) . Other related results are 
collected in Propositions [T[ and El 

This research is part of the T.A.S.C.A. project of I.N. d. A.M., supported 
by P.A.T. (Trento) and M.I.U.R. (Italy). 



Let X C P*" be an integral nondegenerate projective variety of dimension n 
defined over the field C Let p G X and consider a lifting 

f/CC" — ^ C"+^\{0} 

t ^^ p{t) 

of a local regular parametrization of X centered in p. The osculating space 
T{m,p, X) of order m at p G X is by definition the linear span of the points 
[^/(O)] G F'", where / is a multi- index such that |/| < m. We say that X 
satisfies a differential equation of order m at p if 



Yl ^^(^ 



i,...,t„)p/(ti,...,t„) =0 



\I\<m 



in U, with aj{ti, . . . ,tn) 7^ for some / with |/| = m. Hence we have 

dimT(m,p,X)= h^'^^ -N-1 

where N is the number of independent differential equations of order m 
satisfied by X at p. In 2J we proved the following generalization of a classical 
result by Bompiani: 

Theorem 1. ( 2J) Let X G f^ be a smooth variety and let p & X be a general 
point. Assume that diinT{m,p,X) = h and diinT{m + l,p,X) = h + k with 
1 < k < n — 1. Then either X C W^^^ or X is covered by infinitely many 
subvarieties Y of dimension at least n — k such that Y C P'^""^. 

As an application in the spirit of Bompiani's paper [5J, we are going to 
classify smooth projective varieties satisfying many differential equations at 
a general point. 



Remark 1. Fix p E X and let Vm{p) be the C- vector space of the differential 
equations of order < m satisfied by X at p. Set Wm{p) = Kn(p)/Kn-i(p) 
and define hm{p) '■= dim.Wm{p)- There is a natural linear map 






where ai + . . . + an = d. By the Hopf Theorem (see for instance P, p. 108), 
we have 

hm+d{p) > hm{p) + ( _ j - 1. 

Theorem 2. Let X he a smooth projective variety of dimension n. Assume 
that X satisfies 



N > (m 



n + m — 1 
n — 1 



Efn — 1 + d 
V n- 1 

d=l ^ 



independent differential equations of order m at a general point p G X. Then 

/ n-\-m\ AT- 1 

either X C P*^ " '' or X is covered by infinitely many subvarieties Y of 

/'n-\-m'\ AT J, 

dimension at least n — k > 1 such that Y Gfy ^ )~ . 

Proof. We split the proof into three cases, according to the possible values 
oi hm{p)- 

lihUp) = ("D-rr") = ("rr')> then T(m,p,X) = T{m-l,p,X). 

From P, Proposition 2.3, it follows that X C p("n'")-^-\ 

If hrnip) = ("t""!'^) - ^ with 1 < A; < n - 1, then dimT(m,p,X) = 

/n-\-m\ AT 1 

dim T[m—1, p, X)+k. From Theorem[T]it follows that either X clP^ " ' 

or X is covered by infinitely many subvarieties Y of dimension at least n — k 

such that Y C p("r)-^-^— . 

Assume finally hm{p) < ("^"1^ ) ~ """ Froin Remark ^ it follows that 
hm^d < ("t™!"^) -^- Cn-Y) + 1 fo^ e^ery d<m-2. Therefore X satisfies 
at most {m- 1) ("t-^') - (m - l)n + (m - 2) - ^™f (";^+^) equations and 
this contradiction ends the proof. 
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Let X be an integral ra-dimensional projective variety defined over an alge- 
braically closed field K of arbitrary characteristic. Fix a proper closed subset 



T oi X, L e Pic(X), and V C H^{X,L) such that V spans L. Hence V 
induces a morphism (j)y : X ^>- WiV*) = P'', with r := dini(l^) — 1. Set 
U := X\T. We always assume that f/ is smooth and that (j)v\U is an embed- 
ding. We aim to find conditions on X, L, V and T which force the existence of 
q G 4>v{U) which is a hyperosculating point of the variety 0y(X). Of course 
if T = 0, then X is smooth and 0y is an embedding. For any integer m > 0, 
let P^{L) be the sheaf of principal parts of order ar most m oi L (|T3], §2 and 
§6). Since U is smooth and ra-dimensional, P"^{L)\U is locally free of rank 
i^~n^)- There is a Taylor series map d"^ : V Ox -^ P"^{L) and the sheaves 
Im(a'") and Coker(a'") measure the osculating behaviour up to order m of the 
variety </>y(X) C P''. In particular, iiT{m,p,X) is the m-osculating space as 
defined in the previous section, we have T{m,p, X) = P(Im(a'^(p))) C F{V*). 
We say that g G f/ is a hyperosculating point of order at most m for V if the 
sheaf Coker(a'^) is not locally free at q; we use the convention that g G f/ is 
not a hyperosculating point of order at most m for V if Coker(a'^) is the zero- 
sheaf in a neighborhood of q. Since U is reduced, the set of hyperosculating 
points is a proper closed subset of U. 

Remark 2. Let X be a reduced algebraic variety and JF a coherent sheaf on 
X. For every p G X set a{p) = dirajj^ J^p/xu.pJ-'p, where J-'p is the stalk of JF at 
p and trip is the maximal ideal of Ox,p- It is easy to check that the function 
a : X — i> N is locally constant if and only if JF is locally free. It follows that if 
X C P" and q G Xj-eg, then q is hyperosculating if and only if there is ?7i > 
such that diinT{m,q,X) < dim.T{m,p,X) for a general j9 G X. 

Set x{m) := rank(Im(am))- The main result of ^ can be formulated as 
follows: 

Theorem 3. {^) Assume T = 0, V = H^{X,L) and r + I = ("+™) . // 
x{m) = r + 1 and there is no hyperosculating point of order at most m, then 
X = P" andL = Cpn(m). 

Our set-up suggests the following natural generalization: 

Proposition 1. Assume X smooth, r + 1 = ("J^*") = x{m), codim(T) > 2 
and that there is no hyperosculating point of order at most m on U , then 
X = P" andL = Cpn(m). 

Proof. By assumption there is an everywhere injective map (with locally free 
or zero cokernel) d'^\U : V ® Ou —>■ P'^{L)\U. Since X is reduced, this 
implies the injectivity of a"* as a map of sheaves. Since X is smooth, P™(L) 
is locally free. An injective map of sheaves between two locally free sheaves 
with the same rank is either an isomorphism or its cokernel is supported 



exactly by an effective Cartier divisor (use the determinant). Hence a™ is an 
isomorphism. By Theorem 13 X = P" and 0y is a Veronese embedding. 
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Next we introduce a deeper result which points to the same direction. 

For any vector bundle E on X (or on U), let c*(-E') denote its total Chern 

class in the Chow ring of X (resp. U). Since U is smooth, for every integer 

t > we have the following exact sequence on U: 

^ s\nlj) ^ P\L)\U ^ P'-\L)\U ^ (1) 

Hence by induction on m one can compute the Chern classes on U (not on 
X) of P"^{L)\U in terms of ci{L\U) and the Chern classes of fi^, i.e. the 
Chern classes of U. 

Theorem 4. Assume x{m) = r + 1 < (^"'+™) < 7- _|_ ^^ (^(i ifidf there is no 
hyperosculating point of order at most m on U. Then Ct{P"^{L)\U) = for 
every integer t such that {"''^) — r — 1 < t < n. 

Proof. Set Ajj := Coker(a™'|?7). Since x{m) = r + 1, a™ is generically injec- 
tive. Since X is reduced and P"^{L)\U has no torsion, it follows that a"^ is 
injective as a map of sheaves. Hence Im(a™'|t/) = V ® Ojj and we have an 
exact sequence on U: 

Q^V ®Ou^ P"'{L)\U ^Au^Q (2) 

By assumption, Ajj is locally free with rank ("^™) — r — 1 < n. Hence 
Ct{Au) = for every integer t such that n > t > Ta.nk{Au). By ((2|), we have 
Cj(P'"(L)|f/) = Ci{Au) for every i, so the proof is over. 

D 
We have also the following result. 

Proposition 2. Set R := 10^^"+'^ O L®rn'"j|f/. Assume r = ('"+'") and 
that a™ is surjective at each point ofU. Then c*(P''" (L)|?7) = l/c*(/?) in the 
Chow group of U. 

Proof We have R ^ det{P"'{L)\U) (use m times (P)). Since dim(l^) = 
rank(P™(L)|f/) + 1 and a"^\U is surjective, Ker(a'"|[/) is a line bundle on U. 
This line bundle is R* and we have the following exact sequence on U: 

O^P*^ V(g>Cc7^P™(L)|f/->0 (3) 

which gives the claimed relation between the Chern polynomials. 
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Here we maintain the previous notation, but from now on we have to require 
char(K) = 0. First of all, we show that very mild assumptions force the 
existence of hyperosculating points. 

Theorem 5. Let x{m) = r + 1 = ("+™) - 1 and set J := a;f™ ® L^i^+^) , 
If for some integer y with < y < n — 2 and a big and nef divisor H on X 
we have J"~^ ■ H^ > (intersection product of n divisors), then 0y(X) must 
have hyperosculating points of order at most m. 

Proof. We divide the proof into three steps. 

Step 1) Here we assume the existence of an integral curve D d X 
such that —n — 1 < uJx ■ D < and D ■ L < m. Hence the linear span 
{(j)v{D)) of (t)v{D) has dimension at most m — 1. Chosen p e (j)v{D)reg and a 
local coordinate corresponding to the direction of 0y(D), we recover a linear 
relation about the first m partial derivatives in that direction. 

Step 2) Set R := cu^ "+ (S)L'^v " '' and notice that a positive multiple 
of R is isomorphic to a positive multiple of J. By Step 1) we may assume 
that for every integral curve D G X such that —n — 1 < Ux ■ D < we have 
R ■ D > 0. For every integral curve E G X such that ux ■ E > we have 
R- E > because L is ample. Set e := m/{n + 1) and let Ns{X, L) := {Z G 
iV(X)]R : LUx ■ Z + eL ■ Z > 0}, where N{X)k is the tensor product with M of 
the free group of 1-cycles on X modulo numerical equivalence ([I3|). By the 
very definition of e, we have R- Z > for every Z G N^{X, L). By the Cone 
Theorem (^H], Theorem 1.4), R is nef. Since R is a. rational multiple of J, 
we have R^'-y ■ H^ > 0. From 0, Lemma 2.2.7, it follows that h\X, R*) = 0. 

Step 3) Assume by contradiction that there are no hyperosculating 
points of order at most m. As in the proof of Proposition |21 we have an 
exact sequence 

^ C®^ ^ P™(L) ^ i? ^ (4) 

where x := ("+"*) - 1. By Step 2), we have h\X,R*) = 0. Hence the exact 
sequence OH) splits and we obtain P"^(L) = C®^ © R with x := ("+™) - 1. 
Let C he the intersection of n — 1 general members of \L\. Hence (L*)®*^""^) is 
the conormal module of C in X and {Qx\C)^L) is an extension oicjc^L by 
0®^""^\ Hence ^'"(fi]^) ®L®"^|C is an extension of an ample rank {''^'^'^) - 
(""^m"^) vector bundle F by the trivial rank (""^^"^) vector bundle. By (0), 
there is an injection j : 5'"(n^) ® L®'"!^ ^"p™(L)|C ^ O®^ © {R\C). 
At least (''+™"^) - 1 of the trivial factors of 5'"(fi^) O L^^'IC are mapped 
isomorphically onto some of the trivial factors of P™(L)|C. Hence j induces 



a map u : F ^ O®^ with rank(u) > rank(F) — 1 > 0, in contradiction with 
the ampleness of F. 

U 

Remark 3. Let C C P^' be an integral non-degenerate curve and f : X ^ C 
its normahzation map. Take L := /*(Oc(l)) and V := f*{H°{W,Opr{l))). 
By the Brill - Segre formula (see e.g. |10|, p. 54), there are no hyperosculating 
points if and only if C is a rational normal curve. 

Sometimes it is also possible to bound the drop of the dimension of the 
osculating space at a hyperosculating point. For instance, consider the fol- 
lowing generalization of a result by Lanteri (see [H], Theorem B): 

Proposition 3. Assume that X is a linear W^~^ -bundle over a smooth curve. 
Then dimT(2,p, X) > n + 1 for every p G X. 

Proof. We follow an argument provided by Lanteri in ^l] for the 2-dimensional 
case. Since dim V^ = dimKer(a'^(p)) + dimlm(a™'(p)), we have 

dimT(m, j9, X) + dim \V — {m + l)p\ = r — 1 

for every m > 1, and we deduce that 

dimr(2,p,X) =n + codim(|V - 3j9|, \V - 2p\). 

Therefore it is sufficient to show that |V^ — 3p| 7^ |V — 2p| for every p E X. 
In order to do so, let F(j)) be the fiber of X through p and notice that 

\V - 3p| = 2F{p) + \V - 2F{p) - pI 

as it easily follows from the fact that D"^^.F{p) = 1 for every D G \V\. If 
|\^— 2p| = 2F{p)-\-\V —2F{p) —p\ for some point p G X, then every hyperplane 
tangent to X at p is tangent along the whole fiber F{p). In particular, the 
tangent space to X is constant along a positive dimensional subvariety, in 
contradiction with Zak's Theorem on the finiteness of the Gauss map (see 
for instance [22], Chapter I, Corollary 2.8). 
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